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THE LUSTERNIK-SCHNIRELMANN CATEGORY FOR A
DIFFERENTIABLE STACK
SAMIRAH ALSULAMI, HELLEN COLMAN, AND FRANK NEUMANN
Abstract. We introduce the notion of Lusternik-Schnirelmann category for
differentiable stacks and establish its relation with the groupoid Lusternik-
Schnirelmann category for Lie groupoids. This extends the notion of Lusternik-
Schnirelmann category for smooth manifolds and orbifolds.
Introduction
The Lusternik-Schnirelmann category or LS-category of a manifold is a numerical
invariant introduced by Lusternik and Schnirelmann [LS] in the early 1930s as a
lower bound on the number of critical points for any smooth function on a compact
smooth manifold. Later it was shown that the Lusternik-Schnirelmann category is
in fact a homotopy invariant and it became an important tool in algebraic topology
and especially homotopy theory. For an overview and survey on the importance of
LS-category in topology and geometry we refer the reader to [Ja1, Ja2, CLOT].
Fundamental in the definition of LS-category of a smooth manifold or topological
space is the concept of a categorical set. A subset of a space is said to be categorical
if it is contractible in the space. The Lusternik-Schnirelmann category cat(X) of
a smooth manifold X is defined to be the least number of categorical open sets
required to cover X , if that number is finite, otherwise the category cat(X) is said
to be infinite.
In this article, we generalize the notion of Lusternik-Schnirelmann category to
differentiable stacks with the intention of providing a useful tool and invariant to
study homotopy theory, the theory of geodesics and Morse theory of differentiable
stacks. Differentiable stacks naturally generalize smooth manifolds and orbifolds
and are therefore of interest in many areas of geometry, topology and mathematical
physics. They are basically generalized smooth spaces where its points also have
automorphism groups. For example, they often appear as an adequate replacement
of quotients for general Lie group actions on smooth manifolds, especially when the
naive quotient does not exist as a smooth manifold. Many moduli and classification
problems like for example the classification of Riemann surfaces or vector bundles
on Riemann surfaces naturally lead to the notion of a differentiable stack. It can
be expected that the stacky LS-category will be a very useful topological invariant
for these kind of generalized smooth spaces which appear naturally in geometry
and physics. We aim to study the geometrical and topological aspects of the stacky
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LS-category and its applications in a follow-up article [CN]. Many of these con-
structions can also be presented in a purely homotopical manner [Al] by employing
the homotopy theory of topological stacks [No1, No2].
The new notion of stacky LS-category for differentiable stacks presented here em-
ploys the notion of a categorical substack and is again an invariant of the homotopy
type of the differentiable stack, in fact of the underlying topological stack. It gen-
eralizes the classical LS-category for manifolds [LS] and we show that it is directly
related with the groupoid LS-category for Lie groupoids as defined by Colman [Co2]
for Lie groupoids.
The material of this article is organised as follows: In the first section we collect
the basic definitions of differentiable stacks and Lie groupoids and establish some
fundamental properties. In particular we exhibit the various connections between
differentiable stacks and Lie groupoids. The second section recalls the foundations
of Lusternik-Schnirelmann category for groupoids and its Morita invariance. In
the third section we introduce the new notion of stacky Lusternik-Schnirelmann
category and establish its relationship with the groupoid LS-category of the various
groupoids introduced in the first section.
1. Differentiable stacks and Lie groupoids
In this section we will collect in detail the notions and some of the fundamental
properties of differentiable stacks and Lie groupoids, which we will use later. We
refer the reader to various resources on differentiable stacks [B1, B2, BX, BN, Fa, H]
and on Lie groupoids [LTX, MM, TXL, FeN] for more details and specific examples
and their interplay.
Differentiable stacks are defined over the category of smooth manifolds. A
smooth manifold here will always mean a finite dimensional second countable
smooth manifold, which need not necessarily be Hausdorff. We denote the cat-
egory of smooth manifolds and smooth maps by S.
A submersion is a smooth map f : U → X such that the derivative f∗ : TuU →
Tf(u)X is surjective for all points u ∈ U . The dimension of the kernel of the linear
map f∗ is a locally constant function on U and called the relative dimension of the
submersion f . An e´tale morphism is a submersion of relative dimension 0. This
means that a morphism f between smooth manifolds is e´tale if and only if f is a
local diffeomorphism.
The e´tale siteSet on the categoryS is given by the following Grothendieck topol-
ogy on S. We call a family {Ui → X} of morphisms in S with target X a covering
family of X , if all smooth maps Ui → X are e´tale and the total map
∐
i Ui → X
is surjective. This defines a pretopology on S generating a Grothendieck topology,
the e´tale topology on S (see [SGA4], Expose´ II).
As remarked in [BX], not all fibre products for two morphisms U → X and
V → X exist in S, but if at least one of the two morphisms is a submersion, then
the fibre product U ×X V exists in S, which will be enough, while dealing with
differentiable stacks.
Definition 1.1. A category fibred in groupoids over S is a category X, together
with a functor πX : X→ S such that the following axioms hold:
(i) For every morphism V → U in S, and every object x of X lying over U ,
there exists an arrow y → x in X lying over V → U ,
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(ii) For every commutative triangle W → V → U in S and morphisms z → x
lying over W → U and y → x lying over V → U , there exists a unique
arrow z → y lying over W → V such that the composition z → y → x is
the morphism z → x.
The axiom (2) ensures that the object y over V , which exists after (1) is unique
up to a unique isomorphism. Any choice of such an object y is called a pullback of
x via the morphism f : V → U . We will write as usual y = x|V or y = f∗x.
Let X be a category fibred in groupoids over S. Occasionally we will denote by
X0 the collection of objects and X1 the collection of arrows of the category X. The
subcategory of X of all objects lying over a fixed object U of S with morphisms
being those lying over the identity morphism idU is called the fibre or category of
sections of X over U , which will be denoted by XU or X(U). By definition all fibres
XU are discrete groupoids.
Categories fibred in groupoids form a 2-category, denoted by CFG. The 1-
morphisms are given by functors φ : X → Y respecting the projection functors
i. e. πY ◦ φ = πX and the 2-morphisms are given by natural transformations be-
tween these functors preserving projection functors. Fibre products exist in CFG
(see [Gr]).
We will say that the categories fibred in groupoids X and Y are isomorphic if
there are 1-morphisms φ : X→ Y and ψ : Y→ X and 2-morphisms T and T ′ such
that T : φ ◦ ψ ⇒ idY and T
′ : ψ ◦ φ⇒ idX.
Example 1.2 (Identity). Let X be the fixed category S. Let π = idS : S→ S be
the projection functor. Then X = S together with the identity map is a category
fibred in groupoids.
Example 1.3 (Object). Given a fixed object X ∈ S, i.e. a smooth manifold,
consider the category X whose objects are (U, f) where f : U → X is a morphism
in S and U an object in S, and whose arrows are diagrams
U
φ //
f   ❅
❅❅
❅❅
❅❅
❅ V
g~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
X
The projection functor is π : X → S with π((U, f)) = U and π((U, f), φ, (V, g)) = φ.
We have that X is a category fibred in groupoids.
In particular, in case that X is a point, X = ∗, we have that ∗ = S.
Example 1.4 (Sheaves). Let F : S → (Sets) be a presheaf, i. e. a contravariant
functor. We get a category fibred in groupoids X, where the objects are pairs
(U, x), with U a smooth manifold and x ∈ F (U) and a morphism (U, x)→ (V, y) is
a smooth map f : U → V such that x = y|FU , i. e. x = F (f)(y). The projection
functor is given by
π : X→ S, (U, x) 7→ U.
Especially any sheaf F : S→ (Sets) gives therefore a category fibred in groupoids
overS and in particular we see again that every smooth manifoldX gives a category
fibred in groupoids X over S as the sheaf represented by X , i. e. where
X(U) = HomS(U,X).
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To simplify notation, we will sometimes freely identify X with the smooth manifold
X .
Now let us recall the definition of a stack [BX]. In the following let S always
be the category of smooth manifolds equipped with the e´tale topology as defined
above. We could of course replace the e´tale topology with any other Grothendieck
topology on S, but in this article we are mainly interested in stacks over the e´tale
site Set.
Definition 1.5. A category fibred in groupoids X over S is a stack over S if the
following gluing axioms hold:
(i) For any smooth manifold X in S, any two objects x, y in X lying over X
and any two isomorphisms φ, ψ : x→ y over X , such that φ|Ui = ψ|Ui for
all Ui in a covering {Ui → X} it follows that φ = ψ.
(ii) For any smooth manifold X in S, any two objects x, y ∈ X lying over X ,
any covering {Ui → X} and, for every i, an isomorphism φi : x|Ui → y|Ui,
such that φ|Uij = φj |Uij for all i, j, there exists an isomorphism φ : x→ y
with φ|Ui = φ for all i.
(iii) For any smooth manifold X in S, any covering {Ui → X}, any family {xi}
of objects xi in the fibre XUi and any family of morphisms {φij}, where φij :
xi|Uij → xj |Uij satisfying the cocycle condition φjk ◦ φij = φik in X(Uijk)
there exist an object x lying over X with isomorphisms φi : x|Ui → xi such
that φij ◦ φi = φj in X(Uij).
The isomorphism φ in (ii) is unique by (i) and similar from (i) and (ii) it follows
that the object x whose existence is asserted in (iii) is unique up to a unique
isomorphism. All pullbacks mentioned in the definitions are also only unique up to
isomorphism, but the properties do not depend on choices.
In order to do geometry on stacks, we have to compare them with smooth man-
ifolds.
A category X fibred in groupoids over S is representable if there exists a smooth
manifold X such that X is isomorphic to X as categories fibred in groupoids over
S.
A morphism of categories fibred in groupoids X → Y is representable, if for
every smooth manifold U and every morphism U → Y the fibred product X×Y U
is representable.
A morphism of categories fibred in groupoids X → Y is a representable sub-
mersion, if it is representable and the induced morphism of smooth manifolds
X ×Y U → U is a submersion for every smooth manifold U and every morphism
U → Y.
Definition 1.6. A stack X over S is a differentiable or smooth stack if there exists
a smooth manifold X and a surjective representable submersion x : X → X, i. e.
there exists a smooth manifold X together with a morphism of stacks x : X → X
such that for every smooth manifold U and every morphism of stacks U → X
the fibre product X ×X U is representable and the induced morphism of smooth
manifolds X ×X U is a surjective submersion.
If X is a differentiable stack, a surjective representable submersion x : X → X
as before is called a presentation of X or atlas for X. It need not be unique, i. e. a
differentiable stack can have different presentations.
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Example 1.7. All representable stacks are differentiable stacks. LetX be a smooth
manifold. The category fibred in groupoids X is in fact a differentiable stack over
S since it is representable. A presentation is given by the identity morphism idX ,
which is in fact a diffeomorphism.
Example 1.8 (Torsor). Let G be a Lie group. Consider the categoryBG which has
as objects principal G-bundles (or G-torsors) P over S and as arrows commutative
diagrams
P
ψ //
π

Q
τ

S
ϕ // T
where the map ψ : P → Q is equivariant.
The category BG together with the projection functor π : BG → S given by
π(P → S) = S and π((ψ, ϕ)) = ϕ is a category fibred in groupoids, in fact a
differentiable stack, the classifying stack of G whose atlas presentation is given by
the representable surjective submersion ∗ → BG.
Example 1.9 (Quotient Stack). Let X be a smooth manifold with a smooth (left)
action ρ : G ×X → X by a Lie group G. Let [X/G] be the category which has as
objects triples (P, S, µ), where S is a smooth manifold of S, P a principal G-bundle
(or G-torsor) over S and µ : P → X a G-equivariant smooth map. A morphism
(P, S, µ)→ (Q, T, ν) is a commutative diagram
X
P
µ
??⑦⑦⑦⑦⑦⑦⑦⑦ ψ //
π

Q
ν
__❅❅❅❅❅❅❅❅
τ

S
ϕ // T
where ψ : P → Q is a G-equivariant map. Then [X/G] together with the projection
functor π : [X/G] → S given by π((P, S, µ) = S and π((ψ, ϕ)) = ϕ is a category
fibred in groupoids overS. [X/G] is in fact a differentiable stack, the quotient stack
of G. An atlas is given by the representable surjective submersion x : X → [X/G].
If X = ∗ is just a point, we simply recover the differentiable stack BG as defined
in the previous example, i.e. [∗/G] = BG.
In some way, quotient stacks encode in a non-equivariant and systematic way
various equivariant data of general Lie group actions, which need not to be free.
Differentiable stacks are basically incarnations of Lie groupoids.
Definition 1.10. A Lie groupoid G is a groupoid in the category S of smooth
manifolds, i. e.
G1 ⇒ G0
such that the space of arrows G1 and the space of objects G0 are smooth manifolds
and all structure morphisms
m : G1 ×G0 G1 → G1, s, t : G1 → G0, i : G1 → G0, e : G0 → G1
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are smooth maps and additionally the source map s and the target map t are
submersions.
Morphisms between Lie groupoids are given by functors (φ1, φ0) where φi : Gi →
G′i is a smooth map. We will call them strict morphisms.
Lie groupoids, strict morphisms and natural transformations form a 2-category
that we denote LieGpd.
We will show now a construction of a Lie groupoid associated to a differentiable
stack. Let X be a differentiable stack with a given presentation x : X → X. We
can associate to (X, x) a Lie groupoid G(x) = G1 ⇒ G0 as follows: Let G0 = X
and G1 = X ×X X . The source and target morphisms s, t : X ×X X ⇒ X of G are
given as the two canonical projection morphisms. The composition of morphisms
m in G is given as projection to the first and third factor
X ×X X ×X X ∼= (X ×X X)×X (X ×X X)→ X ×X X.
The morphism which interchanges factors X ×X X → X ×X X gives the inverse
morphism i and the unit morphism e is given by the diagonal morphism X → X×X
X . Because the presentation x : X → X of a differentiable stack is a submersion, it
follows that the source and target morphisms s, t : X ×X X ⇒ X are submersions
as induced maps of the fibre product.
The Lie groupoid associated to the differentiable stack X in this way is also part
of a simplicial smooth manifold X•, whose homotopy type encodes the homotopy
type of X [No2, FeN, Se].
Given instead a Lie groupoid we can associate a differentiable stack to it. Basi-
cally this is a generalization of Example 1.8 where we associate to a Lie group G
the classifying stack BG.
Let’s introduce first the notions of groupoid action and groupoid torsor.
Definition 1.11 (Action of a groupoid on a manifold). Let G be a Lie groupoid
G1 ⇒ G0 and P a manifold in S. An action of G on P is given by
(i) an anchor map a : P → G0
(ii) an action map µ : G1 ×s,a P → P
such that t(k) = a(k · p) for all (k, p) ∈ G1 × P with s(k) = a(p), satisfying the
standard action properties: e(a(p)) · p = p and (k · p) · h = (gh) · p whenever the
operations are defined.
Definition 1.12 (Groupoid torsor). Let G be a Lie groupoid G1 ⇒ G0 and S a
manifold in S. A G-torsor over S is given by
(i) a manifold P together with
(ii) a surjective submersion π : P → S and
(iii) an action of G on P
such that for all p, p′ ∈ P with π(p) = π(p′) there exists a unique k ∈ G1 such that
k · p = p′
Let π : P → S and ρ : Q → T be G-torsors. A morphism of G-torsors is given
by a commutative diagram
P
ψ //
π

Q
τ

S
ϕ // T
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such that ψ is a G-equivariant map.
Example 1.13 (G-torsors). Let G be a fixed Lie groupoid G1 ⇒ G0. Consider the
category BG which has as objects G-torsors P over S and as arrows morphisms of
G-torsors as described above.
Then BG is a category fibred in groupoids over S with projection functor
π : BG → S given by π(P → S) = S and π((ψ, ϕ)) = ϕ. Moreover, BG is a
differentiable stack.
We have the following fundamental property (see for example [BX, Prop. 2.3])
of BG.
Theorem 1.14. For every Lie groupoid G = G1 ⇒ G0 the category fibred in
groupoids BG of G-torsors is a differentiable stack with a presentation τ0 : G0 →
BG.
The stack BG is also called the classifying stack of G-torsors. It follows from this
also that the Lie groupoid G = G1 ⇒ G0 is isomorphic to the Lie groupoid G(τ0)
associated to the atlas τ0 : G0 → BG of the stack BG.
Under this correspondence between differentiable stacks and Lie groupoids, the
quotient stack [X/G] of an action of a Lie group G on a smooth manifold X as
described in Example 1.9 corresponds to the action groupoid G × X ⇒ X [BX,
H]. In particular, if X is just a point the classifying stack BG of a Lie group G
corresponds to the Lie groupoid G⇒ ∗.
As the presentations of a differentiable stack are not unique, the associated Lie
groupoids might be different. In order to define algebraic invariants, like cohomol-
ogy or homotopy groups for differentiable stacks they should however not depend
on a chosen presentation of the stack. Therefore it is important to know, when two
different Lie groupoids give rise to isomorphic stacks. This will be the case when
the Lie groupoids are Morita equivalent.
Definition 1.15. Let G = G1 ⇒ G0 and H = H1 ⇒ H0 be Lie groupoids. A
morphism of Lie groupoids is a smooth functor φ : G → H given by two smooth
maps φ = (φ1, φ0) with
φ0 : G0 → H0, φ1 : G1 → H1
which commute with all structure morphisms of the groupoids. A morphism φ :
G → H of Lie groupoids is a Morita morphism or essential equivalence if
(i) φ0 : G0 → H0 is a surjective submersion,
(ii) the diagram
G1
(s,t)//
φ1

G0 ×G0
φ0×φ0

H1
(s,t)// H0 ×H0
is cartesian, i. e. G1 ∼= H1 ×H0×H0 G0 ×G0.
Two Lie groupoids G and H are Morita equivalent, if there exists a third Lie
groupoid K and Morita morphisms
G
φ
← K
ψ
→ H
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We have the following main theorem concerning the relation of the various Lie
groupoids associated to various presentations of a differentiable stack [BX], Theo-
rem 2.24.
Theorem 1.16. Let G and H be Lie groupoids. Let X and Y be the associated
differentiable stacks, i. e. X = BG and Y = BH. Then the following are equivalent:
(i) the differentiable stacks X and Y are isomorphic,
(ii) the Lie groupoids G and H are Morita equivalent.
As a special case we have the following fundamental property concerning different
presentations of a differentiable stack X.
Proposition 1.17. Let X be a differentiable stack with two given presentations
x : X → X and x′ : X ′ → X. Then the associated Lie groupoids G(x) and G(x′) are
Morita equivalent.
Therefore Lie groupoids present isomorphic differentiable stacks if and only if
they are Morita equivalent or in other words differentiable stacks correspond to
Morita equivalence classes of Lie groupoids.
We now recall the fundamental notion of a smooth morphism between differen-
tiable stacks (see for example [H]).
Definition 1.18 (Smooth morphism). An arbitrary morphism X → Y of differ-
entiable stacks is smooth, if there are atlases X → X and Y → Y such that the
induced morphism from the fibered product X ×Y Y → Y in the diagram below is
a smooth map between manifolds.
X ×Y Y //

X

X

Y // Y
Let U be a subcategory of X. Recall that a subcategory is called saturated if
whenever it contains an object x then it contains the entire isomorphism class x¯ of
that object and is called full if whenever it contains an arrow between x and y, it
contains the entire set Hom(x, y) of arrows.
Let π : X→ S be a differentiable stack and x : X → X be an atlas. Let U ⊂ X
be an open subset and consider the saturation U0 of the image x(U) in X0, i.e.
U0 = {z ∈ X0| z ∈ x¯ for some x ∈ U}.
The full subcategory U on U0 is U1 ⇒ U0 where U1 = {g ∈ X1| s(g), t(g) ∈ U0}.
Definition 1.19 (Restricted substack). Let π : X → S be a differentiable stack
with atlas x : X → X and U ⊂ X be an open set. Consider the full subcategory U
on U0 and let π
′ := π ◦ i, where i : U→ X is the inclusion. We say that U with the
projection π′ : U→ S is the restricted substack of X to U.
Definition 1.20 (Constant morphism). Let c : X → Y be a smooth morphism
between differentiable stacks. We say that c is a constant morphism if there are
presentations X → X and Y → Y such that the induced morphism from the fibered
product X ×Y Y → Y is a constant map.
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For instance, any smooth morphism X → Y where Y admits a presentation by
a point ∗ → Y is a constant morphism.
Example 1.21. Let S1 act on S1 by rotation and consider the quotient stack
X associated to this action, X = [S1/S1]. We will show that the identity map
id[S1/S1] : [S
1/S1] → [S1/S1] is a constant map. The groupoid S1 × S1 ⇒ S1 is
Morita equivalent to a point groupoid ∗⇒ ∗, therefore the stacks X = [S1/S1] and
∗ are isomorphic. Since ∗ → ∗ is a presentation for ∗ it follows that ∗ → [S1/S1]
is a presentation for X. Hence any map with codomain X = [S1/S1] is a constant
morphism of stacks.
Let us finish this section by remarking that it is also possible to define stacks and
groupoids over the more general category of diffeological spaces instead of using the
category of smooth manifolds as we have done here [So, I-Z, CLW].
2. Lusternik-Schnirelmann category for Lie groupoids
We will first recall the definition and fundamental properties for the notion of
Lusternik-Schnirelmann category for Lie groupoids. The most important property
here is that the Lusternik-Schnirelmann category of a Lie groupoid is in fact Morita
invariant, which means that it is in fact an invariant of the associated differentiable
stack. We will follow here the general approach of [Co2], where the notion of
Lusternik-Schnirelmann category for Lie groupoids was first introduced.
Our context will be the Morita bicategory of Lie groupoids LieGpd(E−1) obtained
from LieGpd by formally inverting the essential equivalences E. Objects in this
bicategory are Lie groupoids, 1-morphisms are generalized maps
K
ǫ
← J
φ
→ G
such that ǫ is an essential equivalence and 2-morphisms from K
ǫ
← J
φ
→ G to
K
ǫ′
← J ′
φ′
→ G are given by classes of diagrams:
J
φ
❅
❅❅
❅❅
❅❅
❅
ǫ
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
K L
u
OO
v

G
J ′
ǫ′
``❅❅❅❅❅❅❅❅ φ′
??⑦⑦⑦⑦⑦⑦⑦
∼∼
where L is a topological groupoid, and u and v are essential equivalences.
The path groupoid of G is defined as the mapping groupoid in this bicategory,
PG =Map(I,G).
Let (σ, f) : K
σ
← K′
f
→ G and (τ, g) : K
τ
← K′′
g
→ G be generalized maps. The
map (σ, f) is groupoid homotopic to (τ, g) if there exists (ǫ,H) : K
ǫ
← K˜
H
→ PG and
two commutative diagrams up to natural transformations:
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K˜
ev0 H
❄
❄❄
❄❄
❄❄
❄
ǫ
⑦⑦
⑦⑦
⑦⑦
⑦⑦
K L0
u0
OO
v0

G
K′
σ
``❅❅❅❅❅❅❅❅ f
??⑦⑦⑦⑦⑦⑦⑦
∼∼
K˜
ev1 H
❅
❅❅
❅❅
❅❅
❅
ǫ
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
K L1
u1
OO
v1

G
K′′
τ
``❆❆❆❆❆❆❆❆ g
>>⑦⑦⑦⑦⑦⑦⑦
∼∼
where Li is an action groupoid, and ui and vi are equivariant essential equivalences
for i = 0, 1.
Similarly as for differentiable stacks we also have the concept of a restricted
groupoid over a given invariant subset and that of a generalized constant map,
which we will need to define LS-category for Lie groupoids.
Definition 2.1. Let G = G1 ⇒ G0 be a Lie groupoid. An open set U ⊂ G0 is
invariant if t(s−1(U)) ⊂ U . The restricted groupoid U to an invariant set U ⊂ G0
is the full groupoid over U . In other words, U0 = U and U1 = {g ∈ G1 : s(g), t(g) ∈
U}. We write U = G|U ⊂ G.
Definition 2.2. We say that the map (ǫ, c) : K
ǫ
← K′
c
→ G is a generalized constant
map if for all x ∈ K ′0 there exists g ∈ G1 with s(g) = x0 such that c(x) = t(g) for
a fixed x0 ∈ G0.
In other words, the image of the generalized map (ǫ, c) is contained in a fixed
orbit O, the orbit of x0.
Definition 2.3. For an invariant open set U ⊂ G0, we will say that the restricted
groupoid U is G-categorical if the inclusion map iU : U → G is groupoid homotopic
to a generalized constant map (ǫ, c).
In other words, the diagram
L
c //
ǫ

O

U // G
is commutative up to groupoid homotopy where ǫ is an equivariant essential equiv-
alence and O an orbit.
Now we can make the following definition (see [Co3]).
Definition 2.4. Let G = G1 ⇒ G0 be a Lie groupoid. The groupoid Lusternik-
Schnirelmann or groupoid LS-category, cat(G), is the least number of invariant open
sets U needed to cover G0 such that the restricted groupoid U is G-categorical.
If G0 cannot be covered by a finite number of such open sets, we will say that
cat(G) =∞.
We have the following important property of the groupoid Lusternik-Schnirelmann
category (see [Co2]).
Theorem 2.5. The Lusternik-Schnirelmann category of a Lie groupoid is invariant
under Morita equivalence of Lie groupoids, i.e. if G is a Lie groupoid which is
Morita equivalent to a Lie groupoid G′, then we have
cat(G) = cat(G′).
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The groupoid Lusternik-Schnirelmann category also generalizes the ordinary
Lusternik-Schnirelmann category of a smooth manifold. In fact, if G = u(M) is
the unit groupoid, then we have cat(G) = cat(M), where cat on the right hand side
means the ordinary Lusternik-Schnirelmann category of a smooth manifold.
3. Lusternik-Schnirelmann category of a differentiable stack
Using homotopical properties of differentiable stacks we will now introduce the
Lusternik-Schnirelmann category of a differentiable stacks. Let X be a differentiable
stack. Consider the path stack PX = Map([0, 1],X) of X as defined by Noohi in
[No1] for general topological stacks. We will say that the morphisms f : X→ Y and
g : X → Y between differentiable stacks are homotopic if there exists a morphism
of stacks H : X → PY such that the following diagram of stack morphisms is
commutative up to natural transformations:
Y PY
ev1 //ev0oo Y
X
f
aa❇❇❇❇❇❇❇❇ g
==⑤⑤⑤⑤⑤⑤⑤⑤
H
OO
Definition 3.1. Let π : X→ S be a differentiable stack with atlas x : X → X and
U ⊂ X be an open set. We will say that the restricted substack U is X-categorical
if the inclusion map iU : U → X is homotopic to a constant morphism c : U → X
between differentiable stacks.
For instance, in Example 1.21 for the stack X = [S1/S1] let U be the set of triples
(P, S, µ), where S is a smooth manifold, P a S1-torsor over S and µ : P → S1 a
S1-equivariant smooth map. That is, U = [S1/S1]. We have that the stack U
is X-categorical since the identity map id : [S1/S1] → [S1/S1] is homotopic to a
constant morphism of stacks.
Definition 3.2. Let π : X→ S be a differentiable stack with atlas x : X → X. The
stacky Lusternik-Schnirelmann or stacky LS-category, cat(X), is the least number of
open sets U needed to cover X such that the restricted substack U is X-categorical.
If X cannot be covered by a finite number of such open sets, we will say that
cat(X) =∞.
Example 3.3. Let X be a smooth manifold. It follows immediately from the above
definition that the stacky LS-category cat(X) is equal to the classical LS-category
cat(X) of the manifold.
Example 3.4. From Example 1.21, we get immediately for the LS-category of the
quotient stack [S1/S1] that cat([S1/S1]) = 1.
The following theorems establish the relationship between Lusternik-Schnirelmann
category of differentiable stacks and Lie groupoids (see also [CN]).
Theorem 3.5. Let X be a differentiable stack with a given presentation x : X0 → X
and associated Lie groupoid G(x) = X0 ×X X0 ⇒ X0. Then
cat(X) = cat(G(x)).
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Proof. This follows from the definition of LS-category for Lie groupoids. The fact
that LS-category of Lie groupoids is Morita invariant, implies now by using Propo-
sition 1.17 that it does not depend on the chosen presentation for the differentiable
stack X, which gives the result. 
Theorem 3.6. Let G be a Lie groupoid and BG be the associated differentiable
stack. Then
cat(BG) = cat(G).
Proof. This follows from the explicit construction of the classifying stack BG of
G-torsors for the given Lie groupoid G. Now the associated Lie groupoid of the
differentiable stack BG is Morita equivalent to the given Lie groupoid G following
Theorem 1.16 above. 
Example 3.7. Consider the action groupoid G = S1 × S3 ⇒ S3 defined by the
action of the circle S1 on the 3-sphere S3 given by (v, w) 7→ (z3v, zw).
If we think of S3 as the union of two solid tori, we have that the orbits of
this action are circles of length 2π for points on the two cores C1 and C2 and
circles of length 2π
√
3‖v‖2 + ‖w‖2 elsewhere. We construct a G-categorical covering
{U1,U2} by subgroupoids of G given by considering the open sets U1 = S
3−C2 and
U2 = S
3 − C1. We have that each inclusion iUi : Ui → G is groupoid homotopic to
a generalized constant map with image in each respective core Ci. Moreover, this
groupoid is not G-contractible and we have that cat(G) = 2.
Now for the differentiable stack [S3/S1] associated to this Lie groupoid, which in
fact describes the teardrop orbifold, we get from the last theorem that cat([S3/S1]) =
2.
More generally, given any quotient stack [X/G] of a Lie group action on a smooth
manifold, we see that the stacky LS-category of [X/G] is equal to the groupoid LS-
category of the action groupoid G ×X ⇒ X , i.e. cat([X/G]) = cat(G×X ⇒ X).
This stacky LS-category of a quotient stack in fact generalizes also the notion of
equivariant LS-category catG(X) for Lie group actions on manifolds as introduced
before by Marzantowicz [Ma, Co1]. We also aim to study the relationship between
stacky LS-category and equivariant topology in forthcoming work.
Many of the particular examples and properties of LS-category for Lie groupoids
as discussed in [Co2], especially concerning Lie group actions on smooth manifolds
have interesting stacky analogs and will be discussed in detail in [CN]. For example,
orbifolds in general can naturally be seen as particular differentiable stacks associ-
ated to proper e´tale Lie groupoids and therefore give rise to a variety of interesting
examples for LS-category of differentiable stacks and its relation with Morse theory,
which we will also explore in detail in [CN].
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